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Support Vector Machines: A Recent Method

for Classification in Chemometrics

Yun Xu, Simeone Zomer, and Richard G. Brereton
Centre for Chemometrics, School of Chemistry, University of Bristol, Cantocks Close, Bristol, UK

Support Vector Machines (SVMs) are a new generation of classification method. Derived from
well principled Statistical Learning theory, this method attempts to produce boundaries between
classes by both minimising the empirical error from the training set and also controlling the
complexity of the decision boundary, which can be non-linear. SVMs use a kernel matrix to
transform a non-linear separation problem in input space to a linear separation problem in
feature space. Common kernels include the Radial Basis Function, Polynomial and Sigmoidal
Functions. In many simulated studies and real applications, SVMs show superior generalisation
performance compared to traditional classification methods. SVMs also provide several useful
statistics that can be used for both model selection and feature selection because these statistics
are the upper bounds of the generalisation performance estimation of Leave-One-Out Cross-
Validation. SVMs can be employed for multiclass problems in addition to the traditional two class
application. Various approaches include one-class classifiers, one-against-one, one-against-all
and DAG (Directed Acyclic Graph) trees. Methods for feature selection include RFE (Recursive

Feature Elimination) and Gradient Descent based approaches.

Keywords support Vector Machines, classification, pattern recognition, feature selection

INTRODUCTION

SVMs (Support Vector Machines) are a relatively young clas-
sification technique originally proposed by Vapnik (1) that have
become increasingly popular after their introduction in the late
1990s particularly within the Machine Learning community. Af-
ter their introduction, SVM applications have been successfully
developed in several areas, including bioinformatics (2), which
is probably the most rapidly growing discipline in terms of new
methodologies due to the recent explosion of data volumes,
econometrics (3) and biometrics (4). More recently, SVMs have
been proposed for the analysis of chemical data (5) and have
attracted the attention of the chemometrics community, both as
a classification technique, and also because their use has been
successfully extended to solve calibration problems (6). There
are an increasing number of articles focussing on the compar-
ison of SVMs with more traditional chemometrics approaches
(7-11).

There are many features of SVMs as discussed below but a
key one is that they are boundary methods, that is they try to
determine samples on the boundaries between classes, and as
such differ from most traditional chemometric methods that use

Address correspondence to Richard G. Brereton, Centre for Chemo-
metrics, School of Chemistry, University of Bristol, Cantocks Close,
Bristol BS8 1TS, UK. E-mail: R.G.Brereton @bristol.ac.uk

data from classes as a whole for modelling. They also can cope
with non-linear situations in which the boundaries are very com-
plex. In chemometrics with the increasing interest in biological
problems especially, classes that are not effectively separated
linearly are increasingly common, and SVMs have a major role
alongside the more traditional multivariate approaches, for this
reason. In biology data are generally far more complex than in
traditional analytical chemistry, and with the increasing interest
of applications of chemometrics to biological problems such as
in metabolomics and proteomics, where there is a wealth of data
e.g., from mass spectrometric analysis of samples, conventional
linear methods are often proving inadequate.

FRAMEWORK FROM STATISTICAL LEARNING THEORY
One feature that makes SVMs attractive is the fact that the
technique is well principled in Statistical Learning Theory. In
classification, the goal is to generate a function that learns from
the available data and that can be used to develop rules to classify
new samples. A crucial problem involves controlling complex-
ity: ideally, the classifier should be able to capture all variations
in the data relating to class membership without modelling noise.
SVMs involve drawing a boundary between groups of samples
that fall into different classes. These boundaries may be quite
complex: according to Vapnik (1), the issue of optimal complex-
ity for the boundaries formed by a classifier can be formally
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stated as a principle named structural risk minimisation (SRM):

Re < Rewp + \/ dyc(log (%])V-l- 1) —log 2

where N is the number of samples used to train the classifier
or the size of the training set, dy¢ is the Vapnik-Chervonenkis
dimension that roughly relates to the complexity of the bound-
aries that the classifier is able to draw between the classes, R,
is the empirical risk that relates to the significance attached to
misclassification as observed during the model building, R, is
the expected risk that relates to the true error, and finally 1 is 1 —
the probability that the upper bound defined for R holds. While
R, relates (by means of a loss function) to the error measured
on the training samples, R, relates to the “true” underlying error.
Accordingly, the best classifier is that one that minimises the up-
per bound on R, as defined by the right hand side term of Eq. [1].

SRM is an alternative to empirical risk minimisation (ERM)
based on the minimisation of solely R,,, and formalises the
following common assumptions. First, as the size of the train-
ing set increases R.,,, becomes a better estimate of R, because
the square root term decreases, i.e., more data result in a model
whose prediction ability more accurately corresponds to the pre-
diction ability of the population as a whole. Second, using a more
complex classifier, roughly relating to dy ¢, may better model the
training data hence reducing R.,,,, but simultaneously increases
the difference between R,,,, and R, via the square root term. Es-
sentially, the SRM principle suggests that the complexity of the
classifier should be matched to the amount of data available
and it shows that it is crucial to control complexity in order to

(1]

avoid overfitting. A pictorial example for a binary classifica-
tion problem is given in Figure 1, where two classes of samples
are illustrated and proposed boundaries between these classes
are drawn. Real boundaries are illustrated in (@) which will be
unknown prior to obtaining data. Controlling complexity is es-
sential to avoid overfitting in (b) and underfitting in (¢). A good
trade-off that is reasonably accurate on the basis of the samples
available is (d). With fewer samples, a boundary of comparable
complexity in (e) can be misleading and a simpler solution in (f)
seems more adequate, hence the more the samples the safer it is
to find complex boundaries between classes, but, in converse, if
the boundary actually is very complex, one cannot obtain a safe
classifier without a large training set.

The SRM principle is, however, mainly of theoretical inter-
est because it solely delivers an upper bound on R, and because
dyc¢ can rarely be computed precisely. Nevertheless, as it will
be shown later, SVMs directly embody this formulation by mod-
ulating complexity with a trade-off parameter that pulls in dif-
ferent directions the two terms of the upper bound on R,, on the
right end side of Eq. [1]. Also SVMs can provide several useful
statistics to estimate the expected generalised performance of a
model as these statistics have a close relationship to the common
cross-validation error bounds, that are regularly employed in
chemometrics.

MATHEMATICAL DERIVATION

In this article, we follow the convention of the machine learn-
ing community and all the vectors are column vectors, including
sample vectors.
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FIG. 1. Relationship between model complexity and number of samples.
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The description of the SVM algorithm is in three parts. First,
the basic mathematical derivation for linearly separable classes,
second, the extension to the non-linearly separable case with the
use of kernel functions and third the presentation of the gener-
alised solution with the incorporation of the trade-off parameter
to control complexity. The description in this section will be
restricted to a two class problem, extensions will be described
later.

Linearly Separable Classes

Consider a binary classification problem where samples x
have been obtained that have membership of two classes given
by y = =£1. These samples are used to determine a decision
function to separate two classes, which in its simplest form will
be a linear decision boundary:

y(x) =sgn(w!x +b.) (2]

where (w. b.) are the related weight and bias parameters that
must be determined from the training set. Hence, the classifi-
cation function corresponds to a hyperplane, i.e., a line if x is
2-dimensional, a plane if x is 3-dimensional, a n-dimensional
hyperplane if x is n-dimensional, that separates the classes in an
optimal manner.

A generic hyperplane (w, b) is defined by coordinates x sat-
isfying the condition:

wlx+b=0 [3]

which divides the data-space into two regions opposite in sign.
The hyperplane separates the classes with no error if any sample
x; is projected in the region of the data space with sign equal to
the respective class membership y; or at least on the boundary,
i.e. the hyperplane satisfies the condition:

yi-wixi+b)>1 (4]

for all the samples. In addition, the set of samples is said to be
optimally separated with no error if the distance between the
closest samples to the hyperplane is maximal. This specification
is necessary because generally one can find an infinite number of
hyper-planes (w, b) that satisfy Eq. [4], as illustrated in Figure 2.

To simplify the problem of the determination of the optimal
separating hyperplane (w., b.) and without loss of generality,
it is possible to refer to the canonical hyper-plane, where the
samples x; closest to the boundary satisfy the condition:

min llw'x; + bl =1 [5]

For such samples, this distance equals the inverse of the norm
of the weight lel The optimal hyper-plane is equally spaced
from the most similar samples in two classes. The margin p,
i.e., the sum of the distances of the hyper-plane from both the
classes, equals = Wi

Hence, the hyperplane that optimally separates the data is
the one that minimises the quantity %Hw %, subject to the con-
straints of Eq. [4]. This optimisation task can be expressed by
the structure error function:

/

pw, b, a) = %Ilw 1> - ;ai()’i[wai +bl-1)  [6]
where «; are Lagrange multipliers subjected to the condition
a; > 0. The value of ¢ has to be minimised with respect to w
and b and maximised with respect to the «;. Its optimisation can

be expressed accordingly as follows (dual form):
max Lp(a) = max[milgl ow, b, )] [7]
o o w,

The minimum of ¢ with respect to w and b is given by:

dg

=0 ivi =0 8
= :;ay (8]
8—(p:0:>w—2:oe<y'x-:0 [9]
aw L)i*

i=1
Hence, from Egs. [6, 8, 9], the formulation in Eq. [7] becomes

1
ZZa,y, X; x, yjaj — Z(x, [10]

i=1 j=I1 i=1

Lp(a) =

| =

The optimisation task is that of minimising L, with respect to
o, a vector consisting of Lagrange multipliers, satisfying the

FIG. 2. (a) Possible separating hyperplanes and (b) optimal separating hyperplane (right) maximising the margin between two
classes, the closest samples being indicated as support vectors (square marks).
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constraints:
!
Zaiy,- =0 [12]
j=1
Finally, the optimal & = («, a2, ..., ;) allows determina-

tion of the weight vector w,. of the optimal separating hyperplane
(w., b.) from Eq. [9]:

1
We =) aiyixi [13]
i=1

while the offset b, can be calculated from any pair of samples
of opposite class satisfying the conditions «,, oy > 0.
Some additional considerations are as follows.

e The optimisation problem described in Eq. [6] must
also satisfy the additional Karush-Kuhn-Tucker condi-
tion (12):

a;(yiwix; +b]1—1)=0 [14]

This implies that only the samples satisfying Eq. [5]
that are closest to the boundary have «; > 0. These
samples that lie on the margin are named support vec-
tors (SVs) because they alone determine the solution.
The other samples could be removed from the train-
ing set without changing the solution. By substitut-
ing Eq. [13] into Eq. [2], the classifier can be directly
expressed as a function of the support vectors s; as
follows:

i=1

[
yx) = sgn(Z o;yis| X + bc> [15]

e The optimisation of L in Eq. [10] is a quadratic pro-
gramming problem, which can be generally written in
the form:

1
min I:Ea/Ha +z/ai| [16]

where H has elements h; ; = y;(x] x;)y; andzisa vec-
tor of —1s, as can be seen by comparing Eqgs. [10] and
[16]. Equation [16] can be optimised via quadratic pro-
gramming and if the matrix H is positive semi-definite
(p-s.d.) the solution is unique and has a global optimum.
Since the matrix H is essentially an inner product ma-
trix (X’X) which is always p.s.d., the learning procedure
of SVMs is always reproducible.

e The samples in Eq. [10] are in the form of a scalar
product (x/ x ;). This explains why the approach is par-
ticularly fast and suitable when dealing with samples
having many variables. Last but not least, this opens the
way to treat some of the more complicated non-linearly
separable cases using the so called kernel trick.

FIG. 3. Two classes that are non-linearly separable.

Kernels

Determining a class boundary in the form of a separating
hyperplane is adequate for simpler cases where the classes are
nearly or completely linearly separable as it appears in Figure
1(f) and Figure 2. However, this is a situation where arguably
many other methods would return satisfactory results and SVMs
would not appeal very much due to their relatively complex
formulation. An example of a more complex case is presented
in Figure 3. There are still two classes, but it is not possible to
determine a linear boundary (i.e., a hyperplane) that separates the
groups. However, at first glance, samples do not appear randomly
distributed: the class represented by the black circles clusters
mostly on the right and on the bottom left.

SVMs handle this situation by adding an extra step to the op-
timisation procedure described above. The optimal separating
hyper-plane is not defined in the original input space where the
two classes are not separable, but in a new higher dimensional
(feature) space where the samples are projected by means of a
feature function ®(x). The back-projection of the optimal sep-
arating hyper-plane from this new feature space to the original
input space will then result in a non-linear boundary of given
complexity that better suits the distribution, providing the feature
space is correctly defined. The overall procedure is exemplified
in Figure 4: two classes are not linearly separable in the origi-
nal 2-dimensional space, but their mappings by means of ®(x)
allows the determination of a plane in 3- dimensions that op-
timally separates them by maximising the margin. Finally the
back-projection of this plane into the original 2-dimensional
space generates a non-linear boundary of given complexity.

In most situations, the set of functions ®(x) that is used to
map the data is of very high dimensionality, which means that
many more dimensions are generally added rather than only
one, but it is consequently possible to find boundaries to suit a
variety of complex distributions. Mathematically, this is done by
reformulating the optimisation task of Eq. [10] by replacing the



12:16 17 January 2011

Downl oaded At:

SUPPORT VECTOR MACHINES 181

Input space (2D) Feature space (3D) Input space (2D)

@) ol
- - P

FIG. 4. Creation of the boundary for a non separable case.
SVMs project data into a higher-dimensional space, where the
optimal separating hyperplane searched. The support vectors are
indicated by squares.

scalar product of input vectors (xiT - x ;) with the scalar product
(®(x;), ®(x;)) of the respective feature functions:

1

Lp(a) = ZZa,yl (B(x:), B(x)))yje; — Z i [17]

171 j=1 i=1

However, the feature function ®(x) cannot be chosen freely.
In fact SVMs restrict the choice to a small family of functions
that satisfy the following condition:

K(x;, x;) = (D(x;), P(x;)) [18]

This introduces one of the most important attributes of SVMs:
the scalar product of the feature function ®(x) applied to two
generic training samples x; and x ; has an equivalent in the input
space where K (x;, x;) operates, hence the optimisation task of
Eq. [17] can be re-written as:

I 7
ZZaiy,-K(xi,xj)yj(xj - Za[ [19]
i=1 =1 i=1

The optimisation task still involves a quadratic convex pro-
gramming problem hence being particularly easy to handle, but
most importantly, by means of K(x;, x;) rather than ®(x), it
is possible to proceed with the transformation illustrated in
Figure 4 omitting the intermediate step of creating the fea-
ture space and working only in the original dataspace where
K(x;,x;) is defined. This powerful attribute is known as the
kernel trick and it is what makes SVMs effective in addressing
more complex tasks. Analogous to Eq. [15], the classification
function can be re-written as:

Lp(a) =

N | —

Nsys
yx) = sgn(Z ;i K (s, x) + m) [20]

i=1

that is still explicitly expressed in a dependence on the SVs.

Only certain kernels that can be employed (as they also must
satisfy some additional conditions (12)). Some of the most com-
mon are as follows.

¢ Radial basis function (RBF)

—lx; —x;11?

K(x;,xj) = exp 52 [21]
¢ Polynomial function (PF)
K(xi, x;) = (ax]x; 4+ b)° [22]
¢ Sigmoidal function (SF)
K(x;,x;) = tanh (ax] x; + b) [23]

Each kernel has a set of parameters that must be tuned. The
RBFis particularly widespread because it requires only one tune-
able parameter (the radial width o). In chemometrics, recently
Ustiin et al. proposed also a Pearson VII function with the aim of
incorporating the features of both the RBF and PF and applied
it to multivariate calibration (13). The application of the kernel
operator on each pair of samples in the dataset returns a square
and symmetric matrix known as kernel matrix. As an example,
Figure 5 shows a possible boundary for the samples in Figure 3,
using a RBF kernel with o = 2.

Controlling Complexity

Intuitively, because the kernel trick allows SVMs to define
complex boundaries, the risk of overfitting is particularly high.
Nevertheless, SVMs are equipped with an additional parameter
that allows a control on complexity and relates SVMs directly
back to the SRM principle described earlier. To introduce this
parameter it is easiest to recall the example of the simplest case
where the optimal separating hyperplane is determined in the
original data-space, without projecting the samples into a higher
dimensional feature space. If these cannot be perfectly separated

FIG. 5. SVM solution for the case in Figure 3, using a RBF ker-
nel with & = 2. The continous line represents the class boundary
enclosed by the margin represented with dotted lines.
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by the hyperplane, one may also allow deviations &; > O for in-
dividual samples x;. This deviation ; represents the distance of
sample x; from the margin of the pertaining class. Mathemat-
ically, the optimisation task in Eq. [6] requires simultaneously
maximising the margin % lw ||? and minimising the empirical er-
ror, given by the sum of the allowed deviations Zé:l &;, hence
becoming

1 l
<p(w,s>=5-||w||2+c;a [24]

subject to the constraint of Eq. [4] modified as:
yiw xi +b)>1-§ [25]

It should be noted that that the margin errors &; become train-
ing errors only when &; >1. The additional parameter that allows
controlling complexity is the penalty error C, as it determines
which one of the two criteria of Eq. [24] is emphasised during
the optimisation (either % lwl? or Zi:l &;). Lower penalty er-
ror values emphasise the first term, allowing higher deviations
&;, hence the emphasis will be on margin maximisation rather
than training error minimisation. In contrast, higher penalty error
values will emphasise the second term, hence allowing smaller
deviations &; and minimising the training error. The link to the
SRM principle is also due to the fact that the margin defines an
upper bound to the VC dimension of the classifier: the larger
the margin, the lower is VC dimension (14). Hence, Coffers the
opportunity to pursue the optimal trade-off of Eq. [1] because it
allows finding the optimal compromise between the two terms
on the right hand-side of the equation.

The control on complexity by means of Cis particularly use-
ful when using kernels to search for non-linear boundaries. The
same considerations discussed above are valid with the differ-
ence that the generalised hyperplane is searched in the feature
space of the function used to project the samples, as it appears in
the central diagram of Figure 3. The solution to the optimisation
task is identical to the separable case with the exception that the
Lagrange multipliers «, are now bounded by the penalty error
as

O<o; <C [26]

In principle, the trade-off between margin maximisation and
training error expressed by C should reflect the knowledge of
the level of the noise in the data. In practice, the optimal value
should be chosen within the range that affects the solution con-
tributing to modify the class boundaries. According to Eq. [26]
the lower limit of this interval should be where all the «; are
bounded by C, while the upper limit should be where none are
bounded. A detailed explanation on how to optimally tune the
SVM parameters (the penalty error together with the parameters
of the kernel used) with examples in chemistry is reported by
Belousov et al. (15).

To visualise the effect of C on the class boundaries it is pos-
sible to refer again to the example of Figure 5, which represents

TABLE 1
Support vectors and Lagrange multipliers
for the solution in Figure 5
(the samples being marked in the figure)

SVs o

Bl 8149.09
B2 1213.87
B3 479.63
B4 12979.89
B5 279.24
B6 191.34
R1 5410.47
R2 7570.79
R3 1747.22
R4 1502.78
R5 7061.81

a case where the Lagrange multipliers are left unbounded. Table
1 lists the SVs and the values of the related « coefficients. The
boundary is determined by eleven SVs, 6 for class B (in grey)
and 5 for class R (in black). The SVs correspond to the sam-
ples within the margin space, their number depends on how the
parameters are tuned and provide a statistic that indicates the
level of separation between classes (in most well defined cases,
where classes are better separated, the number of SVs is low).
The value of the «; represents the relative influence of each SV
on the boundary. For example B4 has a much higher value for
o (12979.89) and in fact one can notice that it is located in a
region where samples of the opposite class are found. Roughly
speaking, B4 pushes the boundary into a region that is not char-
acteristic of its class, leading to a solution that is likely to be
overfitted. Choosing a penalty error that bounds the values of «;
results in smoother boundaries which primarily influence this
region. Figure 6 represents the solutions obtained with four val-
ues of C. It is possible to notice that as C decreases the margin
broadens, the number of SVs determining the boundary (rep-
resented by square marks) increases because more samples fall
within the margin and the boundary itself becomes smoother.
In this case, direct visual inspection might suggest the optimal
solution to be found in the range for the penalty error between
1000 and 100. In fact, it appears the while (a) slightly overfits
the data distribution, (d) slightly underfits it.

MULTI-CLASS SVMs

SVMs were originally developed for separating two classes.
However in many cases there are more than two classes in a
dataset, so various strategies have been developed to extend
SVMs to solve multiclass problems. One main strategy is to di-
vide the multiclass problem into several binary class problems
and combine the outputs of all the “sub”-binary classifiers to give
the final prediction of the membership of a sample. There are
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FIG. 6. Boundaries obtained with for the binary classification problem of Figure 3 using a RBF kernel with o = 2 and different
values of the penalty error. (a) C = 10000; (b) C = 1000; (c) C = 100; (d) C = 10. As C decreases, the boundaries become

smoother.

three main methods based on these approaches. They are called
“one-against-all” (16), “one-against-one” (17, 18) and “DAG
(Directed Acyclic Graph) tree” (19).

One-Against-All

One-against-all is the first method reported for extending bi-
nary SVMs to solve the multiclass problem. Given k classes un-
der consideration, k£ binary SVM models are constructed, sam-
ples either being considered as part of the class or outside it. The
cth(c =1,...,k) SVM is trained with all of the samples in cth
class being labelled by 41 and all other samples being labelled
by -1. Hence kK SVM decision functions can be obtained, for each
model. Instead of using a sign function, the numerical outputs
of the decision functions are considered, as described below.
The membership y of an unknown sample x is determined by
finding the class for which the corresponding decision function
is a maximum:

y :argmax((Za,-y,-K(s,-,x)) +bc> [27a]

c=1,...k

where (3, a;y; K (s;, x))° + b€ is the cth decision function, see
Eq. [20]

One-Against-One
Given k classes, the one-against-one approach constructs
k-(k—1)/2binary SVM classifiers, each classifier only separating

two classes in k classes to be separated. Rather than using a de-
cision function, a sample is simply classified into one of two
competing binary classes each time, and membership is deter-
mined by a voting scheme, the class with the largest vote is as-
signed to the sample being tested. There is no generally accepted
criterion in the rare event that a sample is equally assigned to
more than one class, although probably this sample is ambigu-
ous, which is common in many other soft modelling methods in
chemometrics.

DAG Tree

In DAG tree SVM, the training phase is the same as one-
against-one and k - (k — 1)/2 binary SVM classifiers are built.
But when testing an unknown sample, it uses a rooted binary di-
rected acyclic graph with k-(k—1)/2 internal nodes and k leaves.
Each node involves a binary one-against-one SVM model of ith
and jth classes. A test sample, starts from the root node and the
binary decision function is evaluated depending on the output
value of the decision function. A simple example DAG tree of
a 4- class decision problem is shown in Figure 7. The computa-
tional time for a DAG tree is usually shorter than one-against-one
because it is not necessary to go through every binary classifier
to test an unknown sample. There is no universal guidance as
to which two classes are tested in each node, but for most prob-
lems the method is invariant to the arrangement of the nodes. A
possible strategy, for example, would be to choose the two most
different classes for the first decision in the tree and so on.
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Unknown Sample

FIG. 7. DAG tree for Multi-class SVMs where there are 4
classes.

Comparison of Approaches

A comprehensive comparison has been conducted by Hsu
et al. (20). The results suggest that all three methods provide
very similar results. None has overall significant advantages
over others in terms of prediction accuracy. In some special
cases, one-against-all gave the worst predictions. In addition,
one-against-one and the DAG tree appeared to have advantages
due to the fact that time needed for training is shorter, a pos-
sible explanation could be although more binary classifiers are
needed for these two methods, the time required for building
each classifier is much less as they only work on a much smaller
optimisation problem.

Distante et al. used polynomial SVMs with the “one-against-
all” extension to separate six different chemical liquids (water,
acetone, hexanal and 3 mixtures) measured by a chemical sen-
sor array (21). SVMs showed much lower prediction error us-
ing leave-one-out cross-validation (LOO-CV) at4.5% compared
to feed-forward-neural networks with error back propagation
(40%) and RBF neural networks (49%). Brudzewski et al. used
linear and RBF SVMs with the “one-against-one” extension to
separate 4 types of Polish milk products (22). The samples were
measured by 7 tin oxide-based gas sensors and the measurements
were used for classification. Perfect cross-validation prediction
was achieved.

ONE-CLASS SVMs

Another extension of SVMsiis the so called “one-class SVM”.
Itis designed to solve a type of problem referred to as “one-class
classification” (23), “concept learning” (24) or “distribution es-
timation” (25) in different contexts. Rather than separate two or
more classes, one-class SVMs are built on a single class that

is usually referred to “target class.” This type of approach has
the ability to tell whether the unknown testing sample belongs
to the target class or not (usually being referred as the outlier
class). The main advantage of one-class classifiers is that they are
“naturally” robust against outliers. For binary/multi-class classi-
fication, it is generally assumed that the unknown sample under
test belongs to one of the classes to be separated. Even the tested
sample does not belong to any of the classes that the classifier
was built to separate the classifier can still assign the sample to
one of these classes and hence results in erroneous conclusion.
For one-class classification a test sample is allowed to belong
to none of known classes and can be identified as an “outlier.”
One-class classification is also more suitable for unbalanced sit-
uations, e.g., where one class has been sampled extensively but
another class is very under sampled. In such cases, the decision
boundary separating these two classes is not stable, but it is pos-
sible to draw a stable boundary around the well sampled class.
One-class SVMs differ from the methods above in that they are
built around one class, the aim being to draw a boundary around
the target class, rather than produce a boundary between two
classes.

There are two main one-class SVM algorithms, one is called
“Support Vector Domain Description” (26) and another is called
“v-Support Vector Classifier” (v-SVC) (25). These two methods
use different structure error function (see Eq. [6]).

For SVDD, the strategy is to find a hypersphere defined by
centre point @ and radius R which covers most target class re-
gions with a minimum of R. The structure error function is
defined as:

o(R,a, &) =R*+C- Zéi with the constraint
lxi —al> < R*+& and & >0 [27]

where &; is the slack variable modelling the training error (soft
margin) and the tolerance of the training error is controlled by
the penalty term C.

The v-SVC method is very much like a binary classifier but
instead of separating the positive class from the negative class,
all the training samples are assigned to the positive class and the
second class is defined as the origin (0) in feature space so that
samples belong to the same class as the training samples belong
to can be identified as the positive class and all other samples
can be identified as the negative class. Hence the problem is
defined as finding a hyperplane w that separates all the training
samples from the origin with the maximum margin in feature
space. There is no bias term b in v-SVC as the samples are
separated from the origin, and the bias term becomes the margin
p. The structure error function is defined as:

1 2
pw.p.8) = lwl"—p

1 ) . )
+—— > & with constraintw’ - x; > p — &. [28]
von &
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where &; is the same as above, n is the number of samples,
p is the shortest distance from the origin to w and the free
parameter v plays the same role as the C in SVDD. Tax proved
that if all samples x have unit norms (sum of squares of all the
variables equals 1), both SVDD and v-SVC give the identical
solutions (27). Also if an RBF kernel has been used these two
one-class SVMs are the same because for an RBF kernel, all
samples have unit norms in feature space (since K(x;,x;) =
(@(x;), ®(x;)) = D).

The decision boundary of a one-class SVM with a linear ker-
nel is a rigid hypersphere and may not always fit real datasets
well. However, like binary SVMs, one-class SVMs can also use
various kernel functions to obtain flexible decision boundaries.
An RBF kernel is a particularly suitable kernel for one-class
classification because the boundaries given by a Gaussian with
different o values are very similar to Parzen windows local den-
sity estimation (28) with different window width /. Hence it can
fitirregularly shaped data. However, if o is sufficiently large, the
decision boundary would be a rigid hypersphere just like linear
kernel function. A simulated example of one-class SVM using
RBF kernel with different values of o is given in Figure 8.

The application of one-class classifiers are extensively re-
ported in the fields such as digital character recognition (29),
instrument fault detection (30) and forged bank notes detection
(31). But it is still not common in chemometrics at the moment.
Xu and Brereton applied linear and RBF kernel SVDDs to 3
public gene expression profile data sets and compared the per-
formances of SVDD with other 5 different one-class classifiers
namely nearest neighbour, Gaussian model, Parzen windows,
PCA data description and k-means data description (32), SVDD
appeared to be a “strict” classifier, resulting in relatively high
false negative errors but with low false positive errors compared
to others. The performances of one-class classifiers are generally
comparable to those of multi class classifiers.

MODEL AND FEATURE SELECTION

No matter what type of SVM to be used, there are always
one or more parameters that need to be tuned to achieve the op-
timum performance. Feature selection is also important task. In

multivariate data analysis, it is rare that all the variables are rel-
evant to the objective of the study, identifying the most relevant
variables can help improving prediction accuracy of the model
and also provides insight into the data structure.

SVMs provide several useful statistics that can guide model
selection and/or variable selection. They are the weight vector
w, the norm of the weight vector ||w |2, the radius R (the radius
of the smallest hypersphere that contains all the training samples
in feature space as defined using the SVDD) and “span estimate”
S; (the shortest distance from one SV s; to the spans of other SVs
in feature space, a tighter boundary compared to R). The equa-
tions of calculating these statistics are given below (the equation
for calculating the weight vector w has already been given in
Eq. [13]):

Iwl? = ZzaiajK(xhxj)
J

i

R? = max (ZﬂiK(Xia Xi)— Z ZﬂiﬂjK(xiaxj)) [29]
i [

K 1
st = I 0 [30]
s? where (K S_ul )ii 1s the element in the ith column

TR

sv Jii

and ith row of matrix K ;' and
K 1
K, = [ |7 Oi| - K is the kernel matrix and 1is a column

vector with 1s.

The works of Vapnik et al. (33, 34) have shown that the gener-
alisation performance from bounds on the leave-one-out cross-
validation (LOO-CV) error L (in terms of misclassification rate)
can be estimated from the SVM statistics directly because the
following two inequalities hold:

L <4R*||w|?

and

L < 2:0[,‘5}2
i

: I
2
0
) D
4
=9
-5 0 5

(@

FIG. 8. One-Class SVMs: (a) 0 =2, (b) 0 = 5 and (¢) o = 100.
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Hence calculating R?||w ||? and/or PR Si2 on the training
set with various setting of kernel parameters or different set of
features can help finding out the optimum SVM model parame-
ters or most relevant variables without going through the actual
LOO-CV (35, 36).

Model Selection

There are numerous possible models as represented by the
kernel functions and their tuneable parameters, so it is important
to have a strategy for choosing the most appropriate model.

A common used strategy is to use a grid search (37-39) on
the training set to find the optimum combination of kernel pa-
rameters that maximise the generalisation performance of SVM
model (e.g., minimise R*||w ||, Y, &; S? or Cross-Validation er-
ror as appropriate). The range of each kernel parameters as well
as the step length has to be specified, and a contour plot can be
obtained. The region with the minimum error suggests the best
combination of the kernel parameters. For difficult problems a
two-step grid search might be needed. The first search is con-
ducted in a large range with large step length to identify possible
optimum region(s) and then use a second fine search with small
step length in those possible optimum regions is performed.

Feature Selection

All the SVM statistics described above can be used for feature
selection as well. Variables can be ranked by their contribution
to the SVM statistics and variables with high ranks can be con-
sidered as the most important ones. However, feature selection
is more complicated than model selection as the search space is
much larger. Hence an effective searching heuristic is required.

Guyon et al. proposed a SVM feature selection method called
SVM-RFE (40) (Recursive Feature Elimination) based on back-
wards sequential selection method using the weight vector w as
the ranking criterion. SVM-RFE is conducted in an iterative
way. In each step, a SVM model is built on the training set and
the weight vector w is obtained. The variable with the lowest
absolute value of the weight is considered as the least important
and removed from dataset The SVM model is built again on
the data set without the least important variable to obtain a new
weight vector w and then the second least important variable is
removed from the dataset. This procedure is repeated until only r
(as specified beforehand) variables remain. An alternative imple-
mentation involves continuing until » = 1, this gives arank list of
all the variables which represents their relative importance. The
authors applied the SVM-RFE algorithm to two gene expression
profile data sets and showed that by selecting a subset of impor-
tant genes can significantly improve the accuracy of the class
prediction. Prados et al. applied SVM-RFE to SELDI (Surface
Enhanced Laser Desorption/Ionisation)-TOF Mass spectra data
to identify potential biomarkers for early cerebral accident diag-
nosis (41). Compared to two other ranking criteria, the features
identified by SVM-RFE can yield the best prediction accuracy
and in fact the only acceptable accuracy when subjected to a

blind test. West-Nielsen et al. applied linear SVM and SVM-
RFE (also with a linear kernel) to proteomic mass spectra data
sets attempting to separate normal samples and spiked samples
(42). It appeared that the prediction accuracy of SVM built on
10 out of 22,572 variables is just slightly worse than the SVM
built on the data set with all the variables (97% comparing to
100%, in term of prediction accuracy of LOO-CV). This sug-
gests that SVM-RFE can retain most relevant information while
SVM model itself relatively robust to the existence of redundant
information.

Rakotomamonjy (43) proposed a more general SVM feature
selection framework. Two ranking strategies were introduced
namely zero-order ranking, i.e., using a ranking criterion directly
and first-order ranking, taking into account the changed SVM
statistics when each variable has been removed in turn. As an ex-
ample, the first-order ||w ||? ranking criterion is |||w ||> — ||w ;||*|
where w ; is the weight vector when the jth variable has been re-
moved. The zero-order criteria represent the direct contributions
of each variable to the model while first-order criteria represent
the sensitivity of the model to each variable as reflected by size
of the change in the model when it has been removed.

Using either zero-order or first-order criteria, the variable
obtained the lowest ranking criterion value is considered as the
least important one. The author also used backwards sequential
selection and ranked variables using zero and first-order values
of R?||w||?> and Y, ;S?. The performances of these ranking
criteria were compared to each other on both simulated and real
data. The results suggested that no criterion is universally supe-
rior to others but first order ||w ||? criterion performed consis-
tently well. The author suggested that due to the simplicity and
good performance of ||w||? on every testing data set, it might
be the best choice for practical application. Camps-Valls et al.
employed a RBF kernel SVM model and using first-order ||w ||?
criterion on a molecules database to select important variables to
predict the efficacy of antisense oligonucleotide.** The results
suggested that the prediction accuracy has been significantly
improved comparing to previously reported results by using the
Pearson correlation coefficient.

Weston et al. (45) proposed another SVM feature selection
method based on optimising R?||w||2. In their work, instead of
using backwards sequential selection they considered variable
selection as an optimisation problem: given a binary vector v
consisting of a random sequence of 1s and Os of length m (no.
of variables) x is replaced with x - v and v is optimised to min-
imise the objective function R?||w||?> via gradient descent. In
the optimisation v was unconstrained and approximated by real
values. The g variables (where g is much smaller than m) with
the lowest values in v are set to 0 and only non-zero elements
are retained. The optimisation is repeated until only » nonzero
elements in v remain. The authors compared this method with
some common used feature selection criteria such as Fisher-
scores, Kolmorogov—Smirnov scores and Pearson correlation
coefficients on various simulated and real data sets and this
method consistently showed superior performance.
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CONCLUSIONS

SVMs are a technique that s attractive for a variety of reasons.
Computationally, the algorithm is efficient because it involves
optimising a quadratic convex programming function thatis easy
to handle and training vectors feed the algorithm in the form
of scalar product, making the approach suitable when vectors
account for many variables. The so called kernel trick allows
determining complex boundaries without changing the nature
of the optimisation task. Additionally, because samples feed the
algorithm in the form of scalar products, the method is particu-
larly robust when dealing with high dimensional data. Another
attractive feature is that SVMs are well principled and allow con-
trolling complexity within a framework provided by Statistical
Learning theory, as they embody the structural risk minimisation
principle. Finally, the number of parameters that need tuning is
relatively limited (e.g., the penalty error C and the radial width
o for the RBF kernel).

SVMs have as yet rarely been employed in analytical chem-
istry for classification purposes. A problem is that there is not
currently available easy to use commercial software, so only
investigators with a good experience of programming e.g., via
Matlab, can effectively employ SVMs. It is usually necessary to
optimise the kernel, which requires some experience and appre-
ciation of the theory behind SVMs. Most current chemometrics
software is based around linear approaches such as PCA and
PLS, which, while very well established represent the state of
the art in chemometric methodology of 10 or 20 years in the past.
These traditional methods are very effective under certain cir-
cumstances, especially in traditional analytical chemistry (e.g.,
spectroscopy in process analysis) where the problems are lin-
ear and well understood, and SVMs may well be unnecessary
and introduce unwanted complexity to such well established
processes. However with a new generation of problems emerg-
ing, especially in the interface of biology and analytical chem-
istry, new methods are required to tackle complex non-linear
problems. In addition to their attractions in terms of handling
complex boundaries, while reducing the risk of over-fitting if
correctly applied, SVMs differ to, for example, most neural net-
works, in that they are reproducible and so it is possible to return
to a problem and, knowing the optimisation parameters, obtain
identical results which makes issues of validation, traceability
and use in controlled environments feasible. We are likely to
hear more about SVMs in the future.
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